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QUASIMO¨BIUS INVARIANCE OF UNIFORM DOMAINS
QINGSHAN ZHOU∗ AND ANTTI RASILA
Abstract. In this paper, we study quasimo¨bius invariance of uniform domains in
Banach spaces. We first investigate implications of certain geometric properties of
domains in Banach spaces, such as the (diameter) uniformity, the δ-uniformity and
the min-max property. Then we show that all of these conditions are equivalent if
the domain is ψ-natural. As applications, we answer partially to an open question
proposed by Va¨isa¨la¨, and provide a new method to prove a recent result in [5],
which also gives an answer to another question raised by Va¨isa¨la¨.
1. Introduction and main results
Many results of the classical function theory have their counterparts in the setting
of quasiconformal mappings in n-dimensional Euclidean spaces. To further extend
the scope of this theory, Va¨isa¨la¨ developed from late 1980’s onwards the theory
of (dimension) free quasiconformal mappings in Banach spaces [18, 19, 20, 21, 22].
The main advantage of this approach is in avoiding use of volume integrals and
conformal modulus, which allows one to study the quasiconformality of mappings
in infinite dimensional Banach spaces and other metric spaces without volume mea-
sures. Recently, this line of research has a subject of several investigations (see e.g.
[4, 5, 6, 9, 11, 15, 26] and references therein).
In this paper, we consider the relationship between uniform domains and relative
quasimo¨bius maps in real Banach spaces. The main objective is to study two open
questions formulated by Va¨isa¨la¨ in [19] and [22]. We will give a partial solution to
one of these questions and provide a new method to answer the other one. Following
[22], we assume that E is a real Banach space with dimension at least two, a proper
domain G ( E is a nonempty connected open set, and dG(x) = dist(x, ∂G) for
x ∈ G. Let us begin with the definition of uniform domains in Banach spaces.
Definition 1.1. Let E be a real Banach space and G ( E a domain, and let c ≥ 1.
We say that G is c-uniform if each pair of points x, y in G can be connected by an
arc γ in G satisfying:
(1) ℓ(γ) ≤ c |x− y|, and
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2(2) min{ℓ(γ[x, z]), ℓ(γ[z, y])} ≤ c dG(z) for all z ∈ γ,
where ℓ(γ) denotes the length of γ, γ[x, z] the part of γ between x and z. At this
time, γ is said to be a c-uniform arc.
Remark 1.1. In 1978, Martio and Sarvas [14] introduced the twisted interior cone
condition in connection to showing global injectivity properties for locally injective
mappings. Since then, many other characterizations of uniform domains have been
established, see [1, 2, 13]. Uniform domains can be understood as a class of domains
developed in the context of generalizing the Riemann mapping theorem for quasi-
conformal maps in Rn with n ≥ 3, a question that still remains open. This class of
domains has numerous geometric and function theoretic properties that make it use-
ful in many fields of modern mathematical analysis as well (see e.g. [3, 8, 16, 17, 22]).
In [13], Martio studied the quasiconformal invariance of uniform domains in R
n
=
Rn∪{∞}. He obtained the following result by showing several equivalent conditions
for uniform domains.
Theorem A. ([13, Theorems 5.4 and 6.2]) Let c,K ≥ 1. If G ( R
n
is a c-uniform
domain and f : R
n
→ R
n
is K-quasiconformal, then f(G) is c1-uniform with c1
depending only on c,K and n.
Subsequently, Va¨isa¨la¨ [16] introduced the concept of quasimo¨bius maps (see Def-
inition 2.9) and investigated the relation between this class of mappings and quasi-
conformal on uniform domains.
Theorem B. ([16, Theorem 5.6]) Let c,K ≥ 1 and n ≥ 2. If G ( R
n
is a c-uniform
domain and f : G → G′ ( R
n
is a K-quasiconformal homeomorphism, then G′ is
c1-uniform if and only if f is η-quasimo¨bius.
Moreover, Va¨isa¨la¨ has generalized Theorem B to real Banach spaces by using the
free quasiconformality (FQC) theory in [19].
Theorem C. ([19, Theorem 7.18]) Let G and G′ be domains in Banach spaces E
and E ′, respectively. If G is c-uniform and f : G → G′ is ϕ-FQC, then G′ is
c1-uniform if and only if f is η-quasimo¨bius.
The main motivation of this paper is the following two questions posed by Va¨isa¨la¨,
the second of which is still open. Note that the definition of (M,C)-CQH and relative
quasimo¨bius mapping see Definitions 2.9 and 2.10.
Question 1.1. ([19, Question 7.19]) Suppose that G is a c-uniform domain and
that f : G→ G′ is (M,C)-CQH. If f extends to a homeomorphism f : G→ G′ and
f is θ-quasimo¨bius relative to the boundary ∂G, is G′ c′-uniform?
Remark 1.2. It is worth of mentioning that Huang, Li, Vuorinen, and Wang [5]
answered Question 1.1 affirmatively. Their proofs are based on several concepts
and results in the free quasiworld [22]; such as coarse quasihyperbolic length and
solid arcs, the equivalence of uniform and ϕ-uniform domains, the diameter cigar
theorems for uniform domains.
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Question 1.2. ([22, 13.2.10]) Suppose that G is a c-uniform domain and that a
homeomorphism f : G → G′ is η-quasimo¨bius relative to ∂G and maps G onto G′.
Is G′ c′-uniform with c′ = c′(c, η)?
We focus our attention to Question 1.2. Indeed, Question 1.2 is more difficult
than Question 1.1 because one does not assume that f is a coarsely quasihyperbolic
map. To deal with this question, we first prove the following implications between
certain geometric properties for domains in Banach spaces, such as the diameter
uniformity, the min-max property and the δ-uniformity for some 0 < δ < 1. Also
see Subsection 2.2 for the definitions.
Theorem 1.1. Suppose that G ( E is a domain, then we have the following im-
plications: G is c-uniform ⇒ G satisfies the min-max property ⇒ G is diameter
c1-uniform ⇔ G is δ-uniform for some 0 < δ < 1.
Remark 1.3. The min-max property for domains in Rn was introduced by Gehring
and Hag in [1]. They extended the properties of hyperbolic geodesic in Bn to more
general domains, and studied the relationship between this property, the uniformity
and quasiconformal extension property. In [13], Martio introduced the concept of
the δ-uniformity property in terms of the cross-ratio of four points for domains in Rn.
By using this condition, he obtained certain general properties of uniform domains.
As an application of Theorem 1.1, we prove the following quasimo¨bius invariance
of diameter uniform domains and δ-uniform (0 < δ < 1) domains.
Corollary 1.1. Let G and G′ be proper domains in Banach spaces E and E ′, re-
spectively. Let f : G→ G′ be a θ-quasimo¨bius homeomorphism.
(1) If G is diameter c-uniform, then G′ is diameter c′-uniform with c′ = c′(c, θ);
(2) If G is δ-uniform with 0 < δ < 1, then G′ is δ′-uniform with δ′ = δ′(δ, θ) ∈
(0, 1).
Next, we consider the converse of Theorem 1.1. One easily see that c-uniform
domain is diameter c-uniform. For the converse, it follows from [13, Theorem 4.5]
that a diameter c-uniform domain in Rn is c1-uniform with c1 depending on c and n.
It is natural to ask whether this holds in infinite-dimensional Banach spaces. Our
second main result is an attempt in this direction.
Theorem 1.2. Let G ( E be a domain. Then G is c-uniform if and only if G is
diameter c1-uniform and ψ-natural.
Remark 1.4. The definition of ψ-natural domains is given in Definition 2.3. We
note that every proper domain in Rn is ψ-natural with ψ = ψ(n) (see [24, Corollary
2.18]). In an infinite dimensional Hilbert space, the broken tube construction in [23]
provides an example of a domain, which is not natural. Moreover, it is diameter
c-uniform but not c1-uniform for any constant c1 ≥ 1.
There are several applications of Theorems 1.1 and 1.2 in studying the relationship
between uniform domains and (relative) quasimo¨bius maps. The following is an
immediate one because a ψ-uniform domain (see (2.2) for the definition) is ψ-natural.
4Corollary 1.2. Let G ( E be a domain. Then G is c-uniform if and only if G
is diameter c1-uniform and ψ-uniform. In particular, a diameter uniform convex
domain in a Banach space is uniform.
As the second application, we answer partially to Question 1.2 as follows.
Theorem 1.3. Let G and G′ be proper domains in Banach spaces E and E ′, re-
spectively. Suppose that G is c-uniform and that a homeomorphism f : G → G′ is
η-quasimo¨bius relative to ∂G and maps G onto G′, then G′ is diameter c′-uniform
with c′ = c′(c, η). If in addition G′ is ψ-natural, then G′ is c′1-uniform with c
′
1 =
c′1(c, η, ψ).
Moreover, we show that Theorem 1.3 gives a way to affirmatively answer Question
1.1. Our method is quite different from the one used in [5].
Theorem 1.4. Let G and G′ be proper domains in Banach spaces E and E ′, re-
spectively. Suppose that f : G → G′ is (M,C)-CQH, and that f extends to a
homeomorphism f : G→ G′ which is η-quasimo¨bius relative to ∂G.
(1) If G is ψ-natural, then G′ is ψ′-natural with ψ′ = ψ′(ψ,M,C, η),
(2) If G is c-uniform, then G′ is c′-uniform with c′ = c′(c,M,C, η).
By Theorems 1.2 and 1.4, we further obtain the following consequence.
Corollary 1.3. Let G and G′ be proper domains in Banach spaces E and E ′, re-
spectively. Suppose that f : G → G′ is (M,C)-CQH, and that f extends to a
homeomorphism f : G → G′ which is η-quasimo¨bius relative to ∂G. If G is di-
ameter c-uniform and G′ is ψ-natural, then both G and G′ are c1-uniform with
c1 = c1(c,M,C, θ, ψ) ≥ 1.
The rest of this paper is organized as follows. In Section 2, we recall necessary
definitions and preliminary results. The proofs of Theorems 1.1 and 1.2 are given in
Section 3. Section 4 is devoted to the proofs of Theorem 1.3 and 1.4, and the proofs
of Corollaries 1.1, 1.2 and 1.3 are presented in Section 5.
2. Preliminaries and notations
2.1. Notation. Let letters A,B,C, ... denote positive numerical constants. Simi-
larly, C(a, b, c, ...) denotes universal positive functions of the parameters a, b, c, ....
Sometimes we write C = C(a, b, c, ...) to emphasize the parameters on which C
depends and abbreviate C(a, b, c, ...) to C.
Following the notation and terminology of [5, 22], we use E and E ′ to denote real
Banach spaces with dimension at least 2. The norm of a vector x in E is written as
|x|, and for every pair of points z1, z2 in E, the distance between them is denoted by
|z1− z2|, the closed line segment with endpoints z1 and z2 by [z1, z2]. The one-point
extension of E is the Hausdorff space E˙ = E ∪{∞}, where the neighborhoods of∞
are the complements of closed bounded sets of E.
For a set A in E, we use A to denote the completion of A and ∂A = A \ A to be
its norm boundary. For a bounded set A in E, diamA is the diameter of A. Let
B(x, r) = {z ∈ E : |z − x| < r}, B(x, r) = {z ∈ E : |z − x| ≤ r},
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and S(x, r) = {z ∈ E : |z − x| = r}.
Let X be a metric space. A curve is a continuous function γ : [a, b] → X . The
length of γ is defined by
ℓ(γ) = sup
{ n∑
i=1
|γ(ti)− γ(ti−1)|
}
,
where the supremum is taken over all partitions a = t0 < t1 < t2 < . . . < tn = b.
The curve is called rectifiable if ℓ(γ) < ∞. The metric space X is called rectifiably
connected if each pair of points can be connected by a rectifiable curve.
The length function associated with a rectifiable curve γ: [a, b]→ X is sγ : [a, b]→
[0, ℓ(γ)], defined by sγ(t) = ℓ(γ|[a,t]) for t ∈ [a, b]. For any rectifiable curve γ :
[a, b]→ X , there is a unique parametrization γs : [0, ℓ(γ)]→ X such that γ = γs◦sγ.
Obviously, ℓ(γs|[0,t]) = t for t ∈ [0, ℓ(γ)]. The parametrization γs is called the
arclength parametrization of γ. For a rectifiable curve γ in X , the line integral over
γ of each Borel function ̺ : X → [0,∞) is∫
γ
̺ds =
∫ ℓ(γ)
0
̺ ◦ γs(t)dt.
2.2. Domains in Banach spaces. In this part, we assume that E is a real Banach
space with dimension at least two, and G ( E is a domain. We begin with the def-
inition of the quasihyperbolic metric. Note that this metric was first introduced by
Gehring and Palka [3] in the case of proper domains in Rn. It has been recently used
by many authors in the study of quasiconformal mappings and related questions,
see e.g. [2, 10, 12, 15, 27].
Recall that the quasihyperbolic length of a rectifiable curve α in the norm metric
in G is the number (cf. [2, 3]):
ℓk(α) =
∫
α
|dz|
dG(z)
.
For each pair of points z1, z2 in G, the quasihyperbolic distance kG(z1, z2) between
z1 and z2 is defined in the usual way:
kG(z1, z2) = inf ℓk(α),
where the infimum is taken over all rectifiable curves α joining z1 and z2 in G. An
arc α from z1 to z2 is a quasihyperbolic geodesic if
ℓk(α) = kG(z1, z2).
It is known that a quasihyperbolic geodesic between every pair of points in G exists
if the dimension of E is finite, see [2, Lemma 1]. However, this is not true in infinite
dimensional Banach spaces (cf. [18, Example 2.9]).
Let us remark that the second author with Talponen further investigated in [15]
properties of quasihyperbolic geodesics in Banach spaces. They demonstrated that
in a strictly convex Banach space with the Radon-Nikodym property, the quasihy-
perbolic geodesics are unique. Moreover, they provided an example to show that
for a convex domain in a non-reflexive Banach space, it is possible that there is no
quasihyperbolic geodesic between any given pair of points in the domain.
6In order to overcome this shortcoming, Va¨isa¨la¨ introduced the following concept
in [19].
Definition 2.1. Let G ( E be a domain and let c ≥ 1. An arc α ⊆ G is a
c-neargeodesic if ℓk(α[x, y]) ≤ c kG(x, y) for all x, y ∈ α.
Moreover, Va¨isa¨la¨ [19] proved the following property concerning the existence of
neargeodesics in the domains of Banach spaces.
Theorem D. ([19, Theorem 3.3]) Let G ( E be a domain. Then for all points
{z1, z2} ⊆ G and for any c > 1, there is a c-neargeodesic α joining z1 and z2 in G.
We also record the following elementary inequality (cf. [22]):
(2.1) kG(z1, z2) ≥
∣∣∣ log dG(z2)
dG(z1)
∣∣∣,
for all z1, z2 in G.
We recall the definition of ϕ-uniform domains presented in [25].
Definition 2.2. Let ϕ : [0,∞) → [0,∞) be a strictly increasing homeomorphism.
A domain G ( E is called ϕ-uniform if for all x, y in G, we have
(2.2) kG(x, y) ≤ ϕ(rG(x, y)), where rG(x, y) =
|x− y|
min{dG(x), dG(y)}
.
In order to give a simple criterion for ϕ-uniform domains, consider domains G
satisfying the following property [25, Examples 2.50 (1)]: there exists a constant
C ≥ 1 such that each pair of points x, y ∈ G can be joined by a rectifiable curve
γ ∈ G with ℓ(γ) ≤ C |x − y| and min{dG(x), dG(y)} ≤ C dist(γ, ∂G). Then G is
ϕ-uniform with ϕ(t) = C2t. In particular, every convex domain is ϕ-uniform with
ϕ(t) = t. However, in general, (unbounded) convex domains need not be uniform.
Suppose that ∅ 6= A ⊆ G ( E. We write
rG(A) = sup{rG(x, y) : x ∈ A, y ∈ A}
and
kG(A) = sup{kG(x, y) : x ∈ A, y ∈ A}.
Definition 2.3. Let ψ : [0,∞) → [0,∞) be an increasing function. A domain
G ( E is called ψ-natural if
kG(A) ≤ ψ(rG(A))
for every nonempty connected set A ⊆ G with rG(A) <∞.
This definition is from the paper of Va¨isa¨la¨ [20], and also studied by Vuorinen
in [24]. We note that a ϕ-uniform domain is ϕ-natural, and every convex domain
is ψ-natural with ψ(t) = t (see, [20, Theorems 2.8 and 2.9]). In fact, the next two
results show that the class of natural domains is fairly large.
Lemma E. ([24, Corollary 2.18]) Every proper domain in Rn is ψn-natural with ψn
depending only on n.
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Lemma F. ([20, Theorem 2.8]) Let c ≥ 1. A c-uniform domain G in a Banach
space E is ψ-natural with ψ = ψ(c).
But in an infinite dimensional Hilbert space, the broken tube construction in [23,
2.3] provides an example of a domain, which is not natural.
Definition 2.4. Let G ( E be a domain and let c ≥ 1. We say that G is c-John if
each pair of points x, y in G can be connected by an arc γ in G such that
min{ℓ(γ[x, z]), ℓ(γ[z, y])} ≤ c dG(z),
for all z ∈ γ. Moreover, the arc γ is called a c-cone arc.
Remark 2.1. The concept of John domains in Euclidean spaces was first introduced
in 1961 by John [7] in connection with his work in elasticity. Recently, Li, Vuorinen
and the first author studied several equivalent conditions for John metric spaces in
[11]. Indeed, their method is used in our proof of Theorem 1.2.
Definition 2.5. Let G ( E be a domain and let c ≥ 1. G is called diameter c-
uniform, if each pair of points x1, x2 in G can be joined by an arc α in G satisfying:
(1) minj=1,2 diam (α[xj , x]) ≤ c dG(x) for all x ∈ α, and
(2) diamα ≤ c |x1 − x2|.
Moreover, α satisfying the above conditions is said to be a diameter uniform arc.
Remark 2.2. It is easy to see that a c-uniform domain is diameter c-uniform. For
the converse, it follows from [13, Theorem 4.5] that a diameter c-uniform domain
in Rn is c1-uniform with c1 depending on c and n. Note that in Banach spaces,
Va¨isa¨la¨ [23] constructed a broken tube domain which is diameter c-uniform but not
c1-uniform for any constant c1 ≥ 1.
Definition 2.6. Let G ( E be a domain. We say that G has the min-max property
if there exists a family of curves Γ in G and a constant c ≥ 1 such that any pair of
points in G can be joined by a curve γ ∈ Γ and so that
(2.3)
1
c
min
j=1,2
|xj − y| ≤ |x− y| ≤ cmax
j=1,2
|xj − y|,
for each ordered triple of points x1, x, x2 ∈ γ and each y ∈ ∂G.
Definition 2.7. Let G ( E be a domain and let 0 < δ < 1. G is called δ-uniform
if each pair of points x1, x2 in G can be joined by an arc α in G such that the cross
ratio
(2.4) τ(x, xi, y, xj) =
|x− y|
|x− xi|
·
|xi − xj |
|xj − y|
≥ δ, i 6= j ∈ {1, 2},
for all x ∈ α \ {x1, x2} and y ∈ E \G.
2.3. Mappings on metric spaces. Let X be a metric space and X˙ = X ∪ {∞}.
By a triple in X we mean an ordered sequence T = (x, y, z) of three distinct points
in X . The ratio of T is the number
ρ(T ) =
|y − x|
|z − x|
.
8If f : X → Y is an injective map, the image of a triple T = (x, y, z) is the triple
f(T ) = (f(x), f(y), f(z)).
Suppose that A ⊆ X . A triple T = (x, y, z) in X is said to be a triple in the pair
(X,A) if x ∈ A or if {y, z} ⊆ A. Equivalently, both |y− x| and |z−x| are distances
from a point in A.
Definition 2.8. Let X and Y be two metric spaces, and let η : [0,∞) → [0,∞)
be a homeomorphism. Suppose A ⊂ X . An embedding f : X → Y is said to be
η-quasisymmetric relative to A, or η-QS rel A, if ρ(f(T )) ≤ η(ρ(T )) for each triple
T in (X,A).
Notice that an embedding f : X → Y is η-QS relative to A if and only if
ρ(T ) ≤ t implies that ρ(f(T )) ≤ η(t) for each triple T in (X,A) and t ≥ 0 (cf. [22]).
Obviously, quasisymmetric relative to X is equivalent to usual quasisymmetric.
A quadruple in X is an ordered sequence Q = (x, y, z, w) of four distinct points
in X . The cross ratio of Q is defined to be the number
τ(Q) = τ(x, y, z, w) =
|x− z|
|x− y|
·
|y − w|
|z − w|
.
Observe that the definition can be extended in the usual manner to the case where
one of the points is ∞. For example,
τ(x, y, z,∞) =
|x− z|
|x− y|
.
If X0 ⊆ X˙ and if f : X0 → Y˙ is an injective map, the image of a quadruple Q in
X0 is the quadruple f(Q) = (f(x), f(y), f(z), f(w)). Suppose that A ⊆ X0. We
say that a quadruple Q = (x, y, z, w) in X0 is a quadruple in the pair (X0, A) if
{x, w} ⊆ A or {y, z} ⊆ A. Equivalently, all four distances in the definition of τ(Q)
are (at least formally) distances from a point in A.
Definition 2.9. Let X and Y be two metric spaces and let η : [0,∞) → [0,∞)
be a homeomorphism. Suppose A ⊆ X˙ . An embedding f : X˙ → Y˙ is said to be
η-quasimo¨bius relative to A, or η-QM rel A, if the inequality τ(f(Q)) ≤ η(τ(Q))
holds for each quadruple in (X,A).
Apparently, η-QM relative to X is equivalent to η-quasimo¨bius.
We conclude this section by recalling the definition of CQH maps and by present-
ing a useful result.
Definition 2.10. Let G and G′ be domains in Banach spaces E and E ′, respectively.
Let M ≥ 1 and C ≥ 0. A homeomorphism f : G → G′ is said to be C-coarsely
M-quasihyperbolic, or (M,C)-CQH if for all x, y ∈ G, we have
kG(x, y)− C
M
≤ kG′(f(x), f(y)) ≤MkG(x, y) + C.
Lemma G. ([20, Lemma 2.14]) Suppose that f : G → G′ is η-quasimo¨bius relative
to ∂G and that f(G) = G′. Suppose also that x, y ∈ G with rG(x, y) ≤ t. Then
rG′(f(x), f(y)) ≤ µ(t, η) <∞.
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3. Proofs of Theorems 1.1 and 1.2
3.1. In this subsection, we prove Theorem 1.1 by dividing the arguments into several
lemmas. We use the methods of the proof from [1, Theorem 2.7] and [13, Theorem
5.4].
Lemma 3.1. Suppose that G ( E is a c-uniform domain, then G satisfies the
min-max property.
Proof. Set
Γ := {αu,v | u, v ∈ G,αu,v is a 2-neargeodesic with end points u, v in G}.
It follows from Theorem D that Γ is not empty. Fix α ∈ Γ and for an ordered triple
of points x1, x, x2 ∈ γ and y ∈ ∂G, it suffices to verify (2.3) for these points.
First, by [22, Theorem 10.17], we know that G is quasihyperbolic c1-uniform with
c1 = c1(c); for the definition see [22, 10.2]. Moreover, it follows from Cigar Theorem
[22, 10.9] that the subarc γ[x1, x2] is c2-uniform with c2 = c2(c). Thus we have
min
j=1,2
|xj − x| ≤ min
j=1,2
ℓ(γ[xj , x]) ≤ c2dG(x) ≤ c2|x− y|.
This yields
(3.1) min
j=1,2
|xj − y| ≤ |x− y|+ min
j=1,2
|xj − x| ≤ (1 + c2)|x− y|.
On the other hand, by the uniformity of γ[x1, x2], we obtain
(3.2) |x− y| ≤ |x− x1|+ |x1 − y| ≤ c2|x1 − x2|+ |x1 − y| ≤ (2c2 + 1)max
j=1,2
|xj − y|.
Therefore, we see from (3.1) and (3.2) that G satisfies the min-max property for
this family of curves Γ. Hence we prove Lemma 3.1. 
Lemma 3.2. Suppose that a domain G ( E satisfies the min-max property, then G
is diameter c1-uniform.
Proof. Fix x1, x2 ∈ G. If |x1 − x2| ≤
1
2
dG(x1), in this case, we see that the line
segment [x1, x2] is the desired diameter uniform arc.
If |x1 − x2| >
1
2
dG(x1), take y ∈ ∂G with |x1 − y| ≤ 2dG(x1). Then we have
(3.3) |x1 − y| ≤ 4|x1 − x2|.
Because G satisfies the min-max property, we know that there exists a curve γ
joining x1 and x2 in G and a constant c ≥ 1 such that (2.3) holds. Then for all
x ∈ γ, we obtain by (3.3) that
|x− y| ≤ cmax
j=1,2
|xj − y| ≤ c(|x1 − x2|+ |x1 − y|) ≤ 5c|x1 − x2|,
which implies
(3.4) diam γ ≤ 10c|x1 − x2|.
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Fix z ∈ γ and take another point z ∈ ∂G with |x − z| ≤ 2dG(x). Moreover, we
claim that for some j = 1 or j = 2,
(3.5) γ[xj , x] ⊆ B(z, 2cdG(x)).
Otherwise, there are two points uj ∈ γ[xj , x] for j = 1, 2 such that
min
j=1,2
|uj − z| > 2cdG(x) ≥ c|x− z|,
which contradicts (2.3). Therefore, we see from (3.5) that
(3.6) min
j=1,2
diam γ[xj , x] ≤ 4cdG(x).
Hence it follows from (3.4) and (3.6) that γ is the required in this case, which
completes the proof of Lemma 3.2. 
Lemma 3.3. Let G ( E be a diameter c-uniform domain with c ≥ 1. Then G is
δ-uniform for some constant δ = δ(c) ∈ (0, 1).
Proof. Fix two distinct points x1, x2 ∈ G. Because G is diameter c-uniform, we can
choose a diameter c-uniform arc γ connecting x1 and x2 in G. Thus for all x ∈ γ
and y ∈ E \G, we may assume without loss of generality that
diam γ[x1, x] ≤ diam γ[x2, x].
In order to show that G is δ-uniform, we need to find lower bounds for the cross
ratios τ(x, x1, y, x2) and τ(x, x2, y, x1).
We first consider two cases to check that
(3.7) τ(x, x1, y, x2) ≥
1
2c2
.
If |x2 − y| ≤ 2c|x1 − x2|, we have
τ(x, x1, y, x2) =
|x− y||x1 − x2|
|x− x1||x2 − y|
≥
diam γ[x1, x] |x1 − x2|
c|x− x1||x2 − y|
≥
1
2c2
.
If |x2 − y| > 2c|x1 − x2|, we observe from the diameter uniformity of γ that
max
j=1,2
|xj − x| ≤ diam γ[x1, x2] ≤ c|x1 − x2|,
and thus
|x− y|
|x2 − y|
≥
|x2 − y| − |x− x2|
|x2 − y|
≥
1
2
.
This implies that
τ(x, x1, y, x2) =
|x− y||x1 − x2|
|x− x1||x2 − y|
≥
1
2c
,
and we obtain (3.7).
It remains to find a lower bound for τ(x, x2, y, x1). Towards this end, we check
that
(3.8) |x− y| ≥
1
c+ 1
|y − x1|.
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Suppose on the contrary that |x− y| < 1
c+1
|y − x1|. Then we have
|x1 − x| ≥ |y − x1| − |y − x| >
c
c+ 1
|y − x1|
and thus
|x− y| >
1
c
diamγ[x1, x] ≥
1
c
|x− x1| >
1
c+ 1
|y − x1|,
which is a contradiction, showing (3.8). Moreover, we obtain from (3.8) that
(3.9) τ(x, x2, y, x1) =
|x− y||x1 − x2|
|x− x2||x1 − y|
≥
1
c(c+ 1)
.
Therefore, by (3.7) and (3.9) we find that G is δ-uniform with δ = 1/(2c2 + 2c).
Hence the proof of Lemma 3.3 is complete. 
Lemma 3.4. Let G ( E be a δ-uniform domain with δ ∈ (0, 1). Then G is diameter
c-uniform for some constant c = c(δ) ≥ 1.
Proof. Fix two distinct points u, v ∈ G and take t = 1
16
|u − v|. If |u − v| <
max{dG(u), dG(v)}, then we see that the line segment [u, v] ⊆ G is a diameter
uniform arc. Thus we may assume that
(3.10) |u− v| ≥ max{dG(u), dG(v)}.
Because G is δ-uniform, we can join u and v by an arc α satisfying the δ-uniformity
condition (2.4). Denote by α0 the subarc of α containing in G \
(
B(u, t) ∪ B(v, t)
)
and such that α0 connects the spheres S(u, t) and S(v, t). Let u0 = α0 ∩S(u, t) and
v0 = α0 ∩ S(v, t).
Next, we are going to construct a curve β joining u to u0 and satisfying
(3.11) β[u, x] ⊆ B(x, CdG(x))
for all x ∈ β, where C = C(δ) ≥ 1 will be determined below.
To this end, choose a sequence of points ui, such that ui ∈ α ∩ S(u, t/2
i) for all
i ≥ 1. Moreover, for each i ≥ 0, pick some point yi ∈ ∂G with
|yi − ui| ≤ 2dG(ui).
We consider two possibilities.
If there is some index i ≥ 0 such that |v − yi| <
1
2
|u− v|, thus we have
dG(u) ≥ dG(ui)− |u− ui|
≥
1
2
|ui − yi| − |u− ui|
≥
1
2
|u− v| −
3
2
|u− ui| −
1
2
|v − yi|
>
1
4
|u− v| −
3
2
|u− u0|
> 2|u− u0|,
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where the last equality follows from the choice of u0 in α. From the above it follows
that we can take the line segment [u, u0] = β joining u to u0 such that (3.11) holds
for C = 1, as desired.
We are thus left to assume that |v − yi| ≥
1
2
|u − v| for all i ≥ 0. In this case
for each i ≥ 0, we take an arc βi connecting ui to ui+1 satisfying the δ-uniformity
condition. Thus β :=
⋃
i=0 βi is a curve joining u to u0. In order to show that β is
the required curve, we need some estimates.
By our choices of the points ui and yi, the δ-uniformity of α implies that
(3.12) dG(ui) ≥
1
2
|yi − ui| ≥
δ|v − yi|
2|u− v|
|ui − u| =
δ
2i+5
|v − yi| ≥
δ
2i+6
|u− v| =: ri,
for all i ≥ 0.
Moreover, for all x ∈ βi and for every y ∈ ∂G, we claim that
(3.13) |x− y| ≥
δ3
2i+12
|u− v|.
This can be seen as follows. If x lies in the union of B(ui,
1
2
ri) and B(ui+1,
1
2
ri+1),
by (3.12) we have
|x− y| ≥ |y − ui+1| − |x− ui+1| ≥
1
2
ri+1 =
δ
2i+8
|u− v|,
as needed.
If x lies outside of B(ui,
1
2
ri) and B(ui+1,
1
2
ri+1), we have |x−ui| ≥
1
2
ri, |y−ui+1| ≥
ri+1 and
|ui − ui+1| ≤ |ui − u|+ |ui+1 − u| ≤
t
2i−1
.
Because βi satisfies the δ-uniformity property, the estimates from above produce
|x− y| ≥
δ|x− ui||y − ui+1|
|ui − ui+1|
≥
δ3
2i+12
|u− v|,
as desired. This shows (3.13).
We verify (3.11) by using (3.13). Fix x ∈ β. Then there is an index k = 0, 1, . . .
such that x ∈ βk. For all z ∈ βi with i ≥ k, the δ-uniformity of βi yields
|z − ui| ≤
1
δ
|ui − ui+1| ≤
t
δ2i−1
,
and therefore
|z − u| ≤ |z − ui|+ |ui − u| ≤
t
δ2i−2
.
Consequently, by (3.13) we find that
|z − x| ≤ |z − u|+ |u− x| ≤
t
δ2k−3
≤
211
δ4
dG(x),
which implies (3.11) by letting C = 211δ−4.
A similar arguments as above shows that there is a curve γ connecting v0 and v
such that
(3.14) γ[v, x] ⊂ B(x, CdG(x))
for all x ∈ γ.
Quasimo¨bius invariance of uniform domains 13
Let α′ = β ∪α0 ∪ γ. We shall prove that α
′ satisfies the desired diameter uniform
condition. For all x ∈ β, we obtain from (3.10) and (3.11) that
1
C
|x− u0| ≤ dG(u0) ≤ dG(u) + |u− u0| ≤ 2|u− v|,
and thus
(3.15) diam β ≤ 4C|u− v|.
Similarly, it follows from (3.10) and (3.14) that
(3.16) diam γ ≤ 4C|u− v|.
Moreover, for all x ∈ α0, by the δ-uniformity of α, we have |u−x| ≤ |u−v|/δ, which
implies
(3.17) diam α0 ≤
2
δ
|u− v|.
Therefore, we see from (3.15), (3.16) and (3.17) that
(3.18) diam α′ ≤ diam β + diam α0 + diam γ ≤ (8C +
2
δ
)|u− v|.
It follows from (3.11), (3.14) and (3.18) that we only need to show that there
exists a constant A ≥ 1 such that
min{diam α′[u, x], diam α′[v, x]} ≤ AdG(x),
for all x ∈ α0. Because α satisfies the δ-uniformity condition, for all y ∈ ∂G we thus
have
|x− y| ≥ max
{δ|x− u|
|u− v|
|y − v|,
δ|x− v|
|u− v|
|y − u|
}
≥
δ
16
max{|y − v|, |y − u|}
≥
δ
32
|u− v|.
This together with (3.18) yields
diam α′ ≤
(
8C +
2
δ
)32
δ
dG(x),
as desired. Hence we obtain Lemma 3.4. 
Proof of Theorem 1.1. From Lemmas 3.1, 3.2, 3.3 and 3.4, we immediately obtain
Theorem 1.1. 
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3.2. In this part, we give the proof of Theorem 1.2. Note that the necessity part
follows from Lemma F. To prove the sufficiency, we first develop certain intermediate
results. The idea of our arguments for Lemmas 3.5 and 3.6 below comes from [11].
Lemma 3.5. Assume that G  E is a ψ-natural and diameter c-uniform domain.
If x, x0 ∈ G with dG(x0) ≤ 2dG(x) and |x−x0| ≤ c0dG(x0) for some constant c0 ≥ 1,
then there is an arc α in G connecting x and x0 such that
ℓk(α[x, x0]) ≤ 2ψ(2cc0(1 + c)),
where k is the quasihyperbolic metric of G.
Proof. Because G is diameter c-uniform, there is a diameter c-uniform arc γ in G
joining x and x0. Because dG(x0) ≤ 2dG(x), we thus have
1
2
dG(x0) ≤ min{dG(x), dG(x0)}(3.19)
≤ dG(z) + min{|z − x|, |z − x0|}
≤ (1 + c)dG(z),
for all z ∈ γ. Moreover, because G is ψ-natural and |x− x0| ≤ c0dG(x0), we obtain
by (3.19) that
k(x, x0) ≤ diamk(γ) ≤ ψ
( diam γ
dist(γ, ∂G)
)
(3.20)
≤ ψ
(2c(1 + c)|x− x0|
dG(x0)
)
≤ ψ
(
2cc0(1 + c)
)
,
where diamk(γ) denotes the quasihyperbolic diameter of γ.
Next, choose an arc α connecting x and x0 in G such that ℓk(α) ≤ 2k(x, x0).
Therefore, (3.20) yields
ℓk(α) ≤ 2k(x, x0) ≤ 2ψ(2cc0(1 + c)),
as desired. This shows Lemma 3.5. 
Lemma 3.6. Assume that G  E is a ψ-natural and diameter c-uniform domain.
If x, x0 ∈ G with dG(x0) > 2dG(x), then there is an arc α in G connecting x and x0
such that
ℓk(α[x, y]) ≤ 2ψ(8c
2(1 + c)),
where y is the first point of α such that dG(y) = 2dG(x) when traversing α from x
to x0 and k is the quasihyperbolic metric of G.
Proof. Because G is diameter c-uniform, it follows that there is a diameter c-uniform
arc γ in G joining x and x0. Denote by y0 the first point of γ such that
dG(y0) = 2dG(x) < dG(x0).
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Let β = γ[x, y0] and β
′ = γ[y0, x0]. Then we consider two possibilities and show
that
(3.21) k(x, y0) ≤ ψ(8c
2(1 + c)).
If diam β ≤ diam β ′, thus by the uniformity of γ we have
diam β ≤ cdG(y0) = 2cdG(x)
and
dG(x) ≤ |x− z| + dG(z) ≤ (c+ 1)dG(z),
for all z ∈ β. Because G is ψ-natural, this implies that
k(x, y0) ≤ diamk(β) ≤ ψ
( diam β
dist(β, ∂G)
)
≤ ψ(2c(1 + c)),
as required.
If diam β > diam β ′, choose u ∈ β with diam β[x, u] = diam β/2. Again we see
from the uniformity of β that
|x− x0| ≤ 2diam β ≤ 4diam β[x, u] ≤ 4cdG(u) ≤ 8cdG(x),
and
dG(x) = min{dG(x), dG(x0)}
≤ dG(z) + min{|z − x|, |z − x0|}
≤ (c+ 1)dG(z),
for any z ∈ β. Because G is ψ-natural, this yields
k(x, y0) ≤ diamk(β) ≤ ψ
( diam β
dist(β, ∂G)
)
≤ ψ
(c(c+ 1)|x− x0|
dG(x)
)
≤ ψ(8c2(1 + c)).
Therefore, we obtain (3.21).
Next, to conclude the proof, we choose an arc α0 connecting x and y0 in G
such that ℓk(α0) ≤ 2k(x, y0). Moreover, let y ∈ α0 be the first point such that
dG(y) = 2dG(x). Then Lemma 3.6 follows from the choice of α = α0 ∪ γ[y0, x0]. 
Lemma 3.7. Assume that G  E is a ψ-natural and diameter c-uniform domain,
then G is c1-John for some c1 = c1(ψ, c).
Proof. Fix x, y ∈ G. Because G is diameter c-uniform, there is a diameter c-
uniform arc γ in G connecting x and y. Choose x0 ∈ γ such that diam γ[x, x0] =
diam γ[x0, y]. Then we have
(3.22) diam γ[x, x0] = diam γ[x0, y] ≤ cdG(x0).
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In order to show that G is c1-John, by symmetry, we only need to show that there
is a constant c1 > 0 and a curve σ joining x and x0 such that
(3.23) ℓ(σ[x, z]) ≤ c1dG(z),
for all z ∈ σ.
We divide the proof of (3.23) into two cases. Let a1 = 2ψ(8c
2(1+c)), c0 = 2e
a1 +c
and a2 = 2ψ(2cc0(1 + c)).
Case 1. Let dG(x) ≥ dG(x0)/2. By (3.22) we have
|x− x0| ≤ cdG(x0).
Moreover, from Lemma 3.5 we see that there is an arc σ joining x and x0 such that
(3.24) ℓk(σ) ≤ 2ψ(2c
2(1 + c)) ≤ a1.
Then for all z ∈ σ, we obtain by (2.1) and (3.24) that∣∣∣ log dG(z)
dG(x0)
∣∣∣ ≤ k(z, x0) ≤ ℓk(σ) ≤ a1,
and therefore
e−a1dG(x0) ≤ dG(z) ≤ e
a1dG(x0).
This yields
(3.25) ℓ(σ) ≤ eℓk(σ)dG(x0) ≤ e
a1dG(z),
as desired.
Case 2. Let dG(x) < dG(x0)/2. Let n ≥ 1 be the unique integer such that
2n−1dG(x) < dG(x0) ≤ 2
ndG(x).
We construct a sequence of points x = x1, x2, . . . , xn, xn+1 = x0 and curves βi as
follows.
First, we see from Lemma 3.6 that there is an arc α1 joining x1 and x0 with
ℓk(α1[x1, x2]) ≤ a1, where x2 is the first point of α1 (when traversing α1 from x1
towards x0) with dG(x2) = 2dG(x1). If dG(x2) ≥ dG(x0)/2, again we connect x2
to x0 by an arc α2 such that Lemma 3.6 holds for this arc. Then we stop with
n = 2, β2 = α2 and x3 = x0. Otherwise we continue the process by letting βi =
αi[xi, xi+1] where xi+1 is the first point of αi with dG(xi+1) = 2dG(xi), and where αi
is the arc joining xi to x0 such that Lemma 3.6 holds. Since dG(xi) = 2
i−1dG(x1),
we find that dG(xi) ≥ dG(x0)/2 as soon as i ≥ log2
dG(x0)
dG(x1)
. Thus the above process
stops with i = n, βn = αn and xn+1 = x0.
Furthermore, we shall verify that the curve β =
⋃n
i=1 βi satisfies the desired
property. To this end, note that by Lemma 3.6 we have
(3.26) ℓk(βi) ≤ a1,
for 1 ≤ i ≤ n− 1, By using a similar argument as in (3.25), this yields
(3.27) ℓ(βi) ≤ e
a1dG(xi).
For i = n, we claim that
(3.28) ℓk(βn) ≤ a2.
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Indeed, because |x− x0| ≤ cdG(x0), by (3.27), we have
|xn − x0| ≤ |xn − xn−1|+ . . .+ |x2 − x1|+ |x1 − x0|
≤
n−1∑
i=1
ℓ(βi) + |x− x0|
≤
n−1∑
i=1
ea1dG(xi) + |x− x0|
≤ (2ea1 + c)dG(x0) = c0dG(x0).
This together with Lemma 3.5 implies (3.28).
Then from (3.28) and a similar argument with (3.25) it follows that
(3.29) ℓ(βn) ≤ e
a2dG(xn).
Without loss of generality we may assume a2 ≥ a1. Fix z ∈ β, then there is some
index 1 ≤ j ≤ n such that z ∈ βj. Moreover, we obtain by (2.1) and (3.26)
∣∣∣ log dG(aj)
dG(z)
∣∣∣ ≤ k(z, aj) ≤ ℓk(βj) ≤ a2
and thus
(3.30) dG(xj) ≤ e
a2dG(z).
Therefore, we see from (3.27), (3.29) and (3.30) that
ℓ(β[x, z]) ≤
j∑
i=1
ℓ(βj) ≤ e
a2
j∑
i=1
dG(xj) ≤ 2e
a2dG(xj) ≤ 2e
2a2dG(z),
which shows (3.23). Hence the proof of Lemma 3.7 is complete. 
Finally, we are in a position to show the sufficiency part of Theorem 1.2. Note
that by Lemma 3.7, we only need to prove the following result.
Lemma 3.8. Assume that G  E is a ψ-natural, c1-John and diameter c-uniform
domain, then G is b-uniform for some b = b(ψ, c1, c).
Proof. Fix x, y ∈ G. Let k be the quasihyperbolic metric of G. If |x − y| < dG(x),
thus the line segment [x, y] connecting x and y in G is the desired uniform arc.
In the following, we may assume that |x− y| ≥ dG(x). Since G is c1-John, there
is a c1-cone arc α connecting x and y in G. Choose two points x
′ and y′ in α such
that
(3.31)
1
2
|x− y| = ℓ(α[x, x′]) = ℓ(α[y, y′]) ≤ c1 min{dG(x
′), dG(y
′)}.
Then by (3.31) we have
(3.32) |x′ − y′| ≤ |x′ − x|+ |x− y|+ |y− y′| ≤ 2|x− y| ≤ 4c1 min{dG(x
′), dG(y
′)}.
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Moreover, we may join x′ and y′ by a diameter c-uniform arc β in G because G is
a diameter c-uniform domain. It follows from the uniformity of β and (3.32) that
(3.33) diam β ≤ c|x′ − y′| ≤ 4c1c min{dG(x
′), dG(y
′)}
and
(3.34) min{dG(x
′), dG(y
′)} ≤ dG(z) + min{|x
′ − z|, |z − y′|} ≤ (1 + c)dG(z),
for all z ∈ β. Because G is ψ-natural, we obtain by (3.33) and (3.34) that
(3.35) k(x′, y′) ≤ diamk(β) ≤ ψ
( diam β
dist(β, ∂G)
)
≤ ψ(4c1c(1 + c)) =: λ.
It thus follows from (3.35) that there is an arc γ connecting x′ and y′ in G such
that
(3.36) ℓk(γ) ≤ 2k(x
′, y′) ≤ 2λ.
Denote σ = α[x, x′]∪γ∪α[y′, y]. We show that σ satisfies the uniformity condition.
Because dG(x) ≤ |x− y|, by (3.31) we have
(3.37) dG(x
′) ≤ dG(x) + |x
′ − x| ≤ 2|x− y|.
Moreover, we see from (3.36) that
log
(
1 +
ℓ(γ)
dG(x′)
)
≤ ℓk(γ) ≤ 2λ,
which together with (3.37) implies that
ℓ(γ) ≤ 2e2λ|x− y|.
Therefore, we obtain by (3.31) that
(3.38) ℓ(σ) = ℓ(α[x, x′]) + ℓ(γ) + ℓ(α[y′, y]) ≤ (1 + 2e2λ)|x− y|.
It is left to show that σ satisfies the cone condition. Fix z ∈ σ. If z ∈ α[x, x′] ∪
α[y′, y], then the desired cone property follows from the fact that α is c1-cone. If
z ∈ γ, again by (2.1) and (3.36) we have
∣∣∣ log dG(x′)
dG(z)
∣∣∣ ≤ k(z, x′) ≤ ℓk(γ) ≤ 2λ,
and therefore dG(x
′) ≤ e2λdG(z). By (3.38) and (3.31), it follows that
ℓ(σ) ≤ (1 + 2e2λ)|x− y| ≤ 2c1(1 + 2e
2λ)dG(x
′) ≤ 2c1(1 + 2e
2λ)e2λdG(z),
as desired. This proves Lemma 3.8. 
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4. Proofs of Theorems 1.3 and 1.4
In this section, we start by proving certain auxiliary results. We first show that
the diameter uniformity of domains is preserved under quasisymmetric mappings.
Lemma 4.1. Let G and G′ be proper domains in Banach spaces E and E ′, respec-
tively. Suppose that G is diameter c-uniform and that a homeomorphism f : G→ G′
is η-quasisymmetric, then G′ is diameter c′-uniform with c′ = c′(c, η).
Proof. For any pair of points x′, y′ in G′, denote x = f−1(x′) and y = f−1(y′).
Because G is diameter c-uniform, we know that there is a diameter c-uniform arc
γ connecting x and y in G. We show that the image arc f(γ) = γ′ is the desired
uniform arc in G′. Without loss of generality, we may assume that f : G → G′ is
also η-quasisymmetric by [22, Theorem 6.12].
On the one hand, for all u ∈ γ, the diameter uniformity of γ implies that
|x− u| ≤ c|x− y|.
Because f is η-quasisymmetric, we see that
|f(x)− f(u)| ≤ η(c)|f(x)− f(y)|,
and thus
(4.1) diam γ′ ≤ 2η(c)|f(x)− f(y)|.
On the other hand, for any z′ ∈ γ′ with f(z) = z′, without loss of generality we
may assume that
diam γ[x, z] ≤ diam γ[y, z].
Because γ is diameter c-uniform, we have for all v ∈ γ[x, z] and for every w ∈ ∂G,
|z − v| ≤ c|z − w|.
By the quasisymmetry proeprty of f , we obtain
|f(z)− f(v)| ≤ η(c)|f(z)− f(w)|.
This yields
(4.2) diam γ′[x′, z′] ≤ 2η(c)dG(z
′).
Therefore, from (4.1) and (4.2) we see that γ′ is as required. Hence the proof of
Lemma 4.1 is complete. 
Next, we prove that the δ-uniformity condition is preserved under quasimo¨bius
maps.
Lemma 4.2. Let G and G′ be proper domains in Banach spaces E and E ′, respec-
tively. Let 0 < δ < 1. Suppose that G is δ-uniform and that a homeomorphism
f : G→ G′ is η-quasimo¨bius, then G′ is δ′-uniform with δ′ = δ′(δ, η) ∈ (0, 1).
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Proof. We want to reduce the situation to the quasisymmetric case by using auxiliary
inversions. To this end, consider the one-point extensions E˙ = E ∪ {∞} and E˙ ′ =
E ′ ∪ {∞}. For all x ∈ E˙, we define the inversion u : E˙ → E˙ as
u(x) =
x
|x|2
,
with u(0) =∞ and u(∞) = 0. Similarly, for every x′ ∈ E˙ ′, the inversion u′ : E˙ ′ → E˙ ′
is defined by
u′(x′) =
x′
|x′|2
,
with u′(0) = ∞ and u′(∞) = 0. It follows from [22, Theorem 6.22] that u and u′
are both θ-quasimo¨bius with θ(t) = 81t. Since G is δ-uniform, we see that u(G)
is δ1-uniform with δ1 = δ/81. Similarly, G
′ is δ′-uniform if and only if u′(G′) is
δ′1-uniform with the constants δ
′ and δ′1 depending only on each other.
By [22, Theorem 6.24] we may assume that f : G→ G′ is η-quasimo¨bius as well.
By auxiliary translations, we may also assume that 0 ∈ ∂G and f(0) = 0 ∈ ∂G′, or
f(0) =∞ ∈ ∂G′. Now we consider two possibilities. If f(0) = 0, we define
g := u′ ◦ f ◦ u−1 : u(G)→ u′(G′).
If f(0) =∞, we define
g := f ◦ u−1 : u(G)→ G′.
Thus, we know that g is η1-quasimo¨bius with η1(t) = 81η(81t). Because in both
cases g(∞) =∞, we see from [16, Theorem 3.20] that g is η1-quasisymmetric.
Furthermore, because u(G) is δ1-uniform, by Lemma 3.4 we find that u(G) is
diameter c-uniform with c = c(δ1). It thus follows from Lemma 4.1 that g ◦ u(G)
is diameter c′-uniform with c′ = c′(c, η). Therefore by using Lemma 3.3, we obtain
that G′ is δ′-uniform with δ′ = δ′(δ, η), as desired.
Hence Lemma 4.2 is proved. 
Lemma 4.3. Let G and G′ be proper domains in Banach spaces E and E ′, respec-
tively. Suppose that G is diameter c-uniform and that a homeomorphism f : G→ G′
is η-quasimo¨bius. Then G′ is diameter c′-uniform with c′ = c′(c, η).
Proof. This lemma follows immediately from Lemmas 3.3, 3.4 and 4.2. 
Lemma 4.4. Let G and G′ be proper domains in Banach spaces E and E ′, re-
spectively. Suppose that G has the min-max property and that a homeomorphism
f : G → G′ is η-quasisymmetric relative to ∂G and maps G onto G′. Then G′ also
has the min-max property.
Proof. Suppose that there exists a family of curves Γ in G and a constant c ≥ 1
such that any pair of points in G can be joined by a curve γ ∈ Γ and so that (2.3)
holds for each ordered triplet of points x1, x, x2 ∈ γ and for all y ∈ ∂G.
Because f is η-quasisymmetric relative to ∂G, it is not difficult to see that any
pair of points in G′ can be joined by a curve γ′ ∈ Γ′ = f(Γ) such that (2.3) holds
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with the constant η(c), for each ordered triplet of points x′1, x
′, x′2 ∈ γ
′ and for all
y′ ∈ ∂G′. This completes the proof of Lemma 4.4. 
Now, we are ready to complete the proofs of Theorems 1.3 and 1.4.
Proof of Theorem 1.3. We know from Theorem 1.2 that the second assertion
of Theorem 1.3 follows from the first statement. Thus we only need to show that
G′ is diameter uniform. By using a similar argument as Lemma 4.2, we reduce the
situation to the case of relative quasisymmetry by using auxiliary inversions. For
completeness, we show the details.
Consider the one-point extensions E˙ = E∪{∞} and E˙ ′ = E ′∪{∞}. By auxiliary
translations, there is no loss of generality in assuming that 0 ∈ ∂G and f(0) = 0 ∈
∂G′, or f(0) =∞ ∈ ∂G′. Now we consider two possibilities. If f(0) = 0, we define
g := u′ ◦ f ◦ u−1 : u(G)→ u′(G′).
If f(0) =∞, in this case we define
g := f ◦ u−1 : u(G)→ G′.
By [22, Theorem 6.22], we know that g is η1-quasimo¨bius relative to ∂(u(G))
with η1(t) = 81η(81t). Because in both cases g(∞) = ∞, we see that g is η1-
quasisymmetric relative to ∂(u(G)). Moreover, because G is c-uniform, we see from
Theorem C that u(G) is c1-uniform with c1 = c1(c). Thus by Lemma 3.1, we find
that u(G) satisfies the min-max property. Furthermore, it follows from Lemma 4.4
that g ◦ u(G) also satisfies the min-max property. Therefore, we may use Lemma
3.2 to conclude that g ◦ u(G) is diameter c′1-uniform with c
′
1 depending only on c
and η.
Hence by Lemma 4.3, we get that G′ is diameter c′-uniform with c′ depending
only on c and η. This completes the proof of Theorem 1.3. 
Proof of Theorem 1.4. We first prove (1). Let A′ be a nonempty connected set
in G′ with rG′(A
′) = t and A = f−1(A′) ⊆ G. Because f is η-quasimo¨bius relative
to ∂G, we find that the inverse map f−1 : G → G′ is η′-quasimo¨bius relative to
∂G′ with η′(t) = η−1(t−1)−1 (cf. [22]). Then, by Lemma G, we see that there is an
increasing function µ : [0,∞)→ [0,∞) depending only on η such that
(4.3) rG(A) ≤ µ(t).
Moreover, because f is (M,C)-CQH and G is ψ-natural, we obtain by (4.3) that
kG′(A
′) ≤Mdiamk(A) + C ≤Mψ(rG(A)) + C ≤Mψ ◦ µ(t) + C.
This implies that G′ is ψ′-natural by taking ψ′(t) = Mψ ◦ µ(t) + C, as desired.
Next, we verify (2). Assume that G is c-uniform with c ≥ 1. By Lemma F, we
see that G is ψ-natural with ψ depending only on c. Moreover, the statement (1)
shows that G′ is ψ′-natural. On the other hand, by Theorem 1.3 we obtain that G′
is c′-uniform. Hence the proof of Theorem 1.4 is complete. 
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5. Proofs of Corollaries 1.1, 1.2 and 1.3
Proof of Corollary 1.1. Corollary 1.1 follows immediately from Lemmas 4.2
and 4.3. 
Proof of Corollary 1.2. Because the ψ-uniformity of domains implies the ψ-
naturality, the sufficiency in Corollary 1.2 follows from Theorem 1.2. The necessity
is proved by [19, Theorem 6.16] because a c-uniform domain is clearly diameter c-
uniform. The second assertion follows from the fact that a convex domain in Banach
space is ϕ-uniform with ϕ(t) = t. 
Proof of Corollary 1.3. By Theorem 1.4, we see that G is ψ1-natural. Because
G is diameter c-uniform, we know from Theorem 1.2 that G is c0-uniform. Again,
it follows from Theorem 1.4 that G′ is c1-uniform. This proves Corollary 1.3. 
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